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Abstract

Let R be a prime ring with characteristic not 2 and o, 7, , 6, A, pt, 7y
automorphisms of R. Let h : R — R be a nonzero right (resp. left)-
generalized (o, 3)— derivation associated with («, 3)— derivation d ( resp.
d1). Let W,V be nonzero left (o, 7)—Jordan ideals of R. The main object
in this paper is to study the situations. (1) h(W) =0, (2) [b,W]x,. =0
or [W,b]xn =0, (3) (b, W)xu =0or (W,b)x, =0, (4) b[W,a]x, =0 or
W, a]a,, b =10 (5) b(W,a)ru =0 or (W,a),.b=0, (6) bW C Cx (V) or
Wb C Cxpn(V). (7) (h(R),b)r,na =0 or a(h(R),b)x,. =0.

1 Introduction

Let R be a ring and o, 7 two mappings of R. For each r,s € R we set [r, s] =
rs—sr, (r,s) = rs+sr, [r, 8o, =10(s)—7(s)r and (7, )5, = ro(s)+7(s)r. Let
U be an additive subgroup of R. If (U, R) C U then U is called a Jordan ideal
of R. The definition of (o, 7)—Jordan ideal of R is introduced in [6] as follows:
(1) U is called a right (o, 7)—Jordan ideal of R if (U, R),,» C U, (ii) U is called
a left (o,7)—Jordan ideal if (R,U),, C U. (iil) U is called a (o, 7)—Jordan
ideal if U is both right and left (o, 7)—Jordan ideal of R. Every Jordan ideal
of R is a (1,1)—Jordan ideal of R, where 1 : R — R is an identity map. The
following example is given in [6]. If R={ (5 §) 1 = and y are integers}, U = {
(&) 1 is integer}, o(5 d) = () and (5 &) = (5o ¥) then U is (o, 7)—right
Jordan ideal but not a Jordan ideal of R.

A derivation d is an additive mapping on R which satisfies d(rs) = d(r)s +
rd(s),¥r,s € R. The notion of generalized derivation was introduced by
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Bresar [2] as follows. An additive mapping h : R — R will be called a
generalized derivation if there exists a derivation d of R such that h(zy) =
h(z)y + zd(y),Vz,y € R.

An additive mapping d : R — R is said to be a (o,7)—derivation if
d(rs) = d(r)o(s) + 7(r)d(s) for all r,s € R. Every derivation d : R — R
is a (1,1)—derivation. Chang [3] gave the following definition. Let R be a
ring, o and 7 automorphisms of R and d : R — R a (o, 7)—derivation. An
additive mapping h : R — R is said to be a right generalized (o, 7)—derivation
of R associated with d if h(zy) = h(z)o(y) + 7(z)d(y), for all z,y € R and
h is said to be a left generalized (o, 7)—derivation of R associated with d if
h(zy) = d(x)o(y) + 7(x)h(y), for all z,y € R. h is said to be a generalized
(0, 7)—derivation of R associated with d if it is both a left and right general-
ized (o, 7)—derivation of R associated with d. Besides every (o, 7)—derivation
d : R — R is a generalized (o, 7)—derivation associated with d and every
derivation d : R — R is a generalized (1,1)—derivation associated with d.
A generalized (1,1)—derivation is simply called a generalized derivation. It
is clear that the definition of generalized derivation which is given in [2] is a
right generalized derivation associated with derivation d according to Chang’s
definition.

The mapping h(r) = (a,7)s,-, V7 € R is a left-generalized (o, 7)— deriva-
tion with (o, 7)—derivation dqi(r) = [a,7]s -, Vr € R and right-generalized
(o, T)—derivation with (o, 7)—derivation d(r) = —[a, |5+, Vr € R. Every (o, T)—
derivation d : R — R is a generalized (o, 7)—derivation with d.

Throughout the paper, R will be a prime ring with center Z, characteristic
not 2 and o, T, @, 3, A, i,y automorphisms of R. We set Cy -(R) = {c € R |
co(r) =7(r)e, ¥ r € R}, and shall use the following relations frequently:

[rs,t]o,r = 7[8, t]o,r + [, T()]s = r[s,0(t)] + [, t]o,rS

[r, st r = 7(8)[, t]o,r + [T, S|o,70(2)

(rs,)or =7(8,t)6r — [, 7(t)]s =7[s,0(t)] + (7, )5, S.

(ryst)o,r = T(8)(r V)0 r + [, S]o,r0(t) = —T(8)[1, t]o,r + (7, 8)5,r0(2)

2 Results

Lemma 1. [I, Lemma 3] Let U be a nonzero ideal of R and d : R — R a
(o, 7)—derivation. If a € R such that ad(U) =0 (or d(U)a =0) then a =0 or
d=0.

Lemma 2. Let I be a nonzero ideal of R and a,b € R.

(1) If b,ba € Cy (1) or (b,abe Cy ,(I)) thenb=0or a € Z.
(ii) If by(I,a)a,3 =0 0r y(I,a)q b =0thenb=0ora € Z.

Proof. (i) If b,ba € C} ,(I) then we have, for all z € T
0 = [ba, x|, = bla, A(x)] + [b, z]a,ua = bla, A(z)]
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and so b[a, A(x)] = 0,Vz € I. Replacing « by xr, r € R then we get bA(I)[a, R] =
0. Since A(I) is a nonzero ideal of R, then we have b=0or a € Z.
If b,ab € Cy ,(I) then considering as above and using the relation

0 = [ab, z]r,u = alb, ], + [a, u(2)]b = [a, u(z)])b, YV € T

we obtain the result.
(ii) If by(I,a)a,3 = O then, for allz € I,r € R
0= by(zr, a)a,s = by(x)¥[r, a(a)] + by(x, a)a,pY(r) = by(2)7[r, a(a)].

That is by(I)y[R, a(a)] = 0. Since y(I) is a nonzero ideal, then we obtain
that b =0 or a € Z by the last relation
If y(I,a)q,3b =0 then, for allz € I,7 € R

0 =7(rz, a)a,pb = v(r)y(z, a)a,pb = [, Bla)]y(2)b = —[r, B(a)]y(2)b

which gives ¥[R, 5(a)]v(I)b = 0. Considering as above we get the required
result. O

Corollary 1. [7, Lemma 4] Let b and ab be in the center of a prime ring R.
If b is not zero, then a is in Z, the center of R.

Theorem 1. Let I, J be nonzero ideals of R and a,b € R. Let W be a left
(o, 7)—Jordan ideal of R.

(1) by, a)a,p C Crpu(J) or ¥(I,a)a,pb C Cy ,\(J) then b=0ora € Z.
(ii) If by(W) C Cx pu(J) or y(W)b C Cx,u(J) then b =0 or W C Z.

Proof. (i) If by(I, a)a,3 C Cx,u(J) then we have, for all x € I

Cau(J) 3 v(za(a),a)a,p = by(z)v[a(a)a(a)] + by(z, a)a gyela) = by (2, a)a gre(a).

Then
by(I, a)a pya(a) C Cx u(J). (2.1)

If we use Lemma2 (i) in (2.1) then we get
by(I,a)ap=0o0rac Z.

If by(I,a)a,3 = 0 then we have b =0 or a € Z by Lemma2 (ii).
If (I, a)a,3b C Cy ,(J) then we have, for all x € T

C)\,;L(J) > "f(ﬂ(a)rva)a,ﬁb = "fﬁ(a)"f(zva)a,ﬁb - 7[5(a)76(a)]7(z)b = "fﬁ(a)"f(zva)a,ﬁb

That is
YB(a)y(I;a)a,pb C Cx u(J)- (2.2)
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If we use Lemma2 (i) then (2.2) gives that
v, a)agb=0o0rac Z.

If y(I,a)a,3b = 0 then using Lemma2 (ii) we obtain the required result.
(ii) If by(W) C Cx u(J) or v(W)b C Cy ,(J) then we have by(R, W), C
Cru(J) or v(R,W)s,-b C Cy p(J). Thus b =0 or W C Z by (i). O

Corollary 2. [4, Theorem 2.2] Let W be a left (o, 7)—Jordan ideal of R. If
aW =0 (orWa=0)anda€ R, thena=0 or W C Z.

Lemma 3. Let h: R — R be a nonzero right generalized (v, 5)— derivation
associated with a nonzero («, 8)— derivation d : R — R and I a nonzero
ideal of R. If a is a noncentral element of R such that hA(I,a)sr = 0 or
(hA(I), @)arc,par = 0 then dAo(a) = 0.

Proof. If hA(I,a)s+ = 0 then we get, for all x € T
0 = hX(zo(a),a)s,r = M{A(z)No(a),o(a)] + Az, a)sr Ao (a)}
=Mz, a)oA0(a)} = hA(z,a)6 )0 (a) + BA(z, a)0 rdNo(a)
= BA(z,a)s,-dNo(a).
That is
BAI, a)s,rdXo(a) = 0. (2.3)
Since a ¢ Z then (2.3) gives that dAo(a) = 0 by Lemma2 (ii) .
If (RA(I), a)are,grr = 0 then we have, for all x € T
0 = (hA(zo(a)), a)are.grr = (hA(z)aro(a) + BA(z)dAo(a), a)are,sar
= hA(z)[aro(a), aro(a)] + (RA(2), a)are,parara(a)
+ BA(z)(dAa(a), a)are,grr — [BA(2), BAT(a)]dAo(a)
= BA(z)(dAa(a), a)are,par — [BA(T), BAT(a)]d o (a)

and so
BA(@)(k, @)are,par — [BA(x), BAT(a)]k =0,V € T (2.4)

where k = dAo(a). Replacing x by rz,r € R in (2.4) and using (2.4) we
get, forallre Rz el
0 = BA(r)BA(@)(F, @)are.par —BA(r)[BA(x), BAT(a) [k — [BA(r), BAT(a)] BA(2)k
= —[BA(), BAT(@)] BN )k

so [R, BAT(a)]BA(I)k = 0. Since BA(I) is a nonzero ideal of R and a ¢ Z,
then we obtain that d\o(a) = 0 by the last relation. O
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Lemma 4. Let I be a nonzero ideal of R and h : R — R a nonzero left-
generalized (o, 8)— derivation associated with a nonzero («, 3)— derivation
di : R — R. If a is a noncentral element of R such that hA(I,a)s, = 0
or (RA(I), a)are,par = 0 then diAt(a) = 0.

Proof. If hA(I,a)sr = 0 then we have, for all x € T
0= hA(1(a)z,a)er = R{AT(a)\(z, a)o,r — A[T(a), T(a)]A(x)} = R{AT(a)\(x, @)+ }
= diAT(a)a(x, a)or + BAT(a)RA(T, a)5r = diAT(a)aN (T, )0 7.
That is
diAT(a)aI, a)sr = 0. (2.5)
Since a is noncentral, using 2 (ii) and (2.5) we get diA7(a) = 0.
Similarly, if (AA(I), @)are,sar = O then we get, for all x € T
= (hA(T(a)r), a)arc.par = (diAT(a)ad(z) + BAT(a)hA(), a)arc,sar
= diA7(a)[a(z), aro(a)] + (diAT(a), a)ars,par A (2)
+ BAT(a)(hA(2), a)ars,par — [BAT(a), BAT(a)]hA(2)
= diA7(a)[a(z), aro(a)] + (diAT(a), a)ars,par A (2).
That is
klaX(z), ara(a)] + (k, a)areprrar(z) =0,Vz € T (2.6)

where k = diA7(a). Replacing z by ar,r € R in (2.6) we get, for all
rzel,reR

0 = kaX(z)[aA(r), aro(a)] + kla(z), ara(a)]a(r) + (k, @) are,grr @A (@)a(r)
= ka(x)[aA(r), alo(a)]

so kaA(I)[R,a)lc(a)] = 0. The last relation gives that diAr(a) = 0 or

[R,a)o(a)] = 0. Since a ¢ Z then we have diA7(a) = 0. O

Theorem 2. Let h : R — R be a nonzero right-generalized (o, 3)— deriva-
tion associated with (o, 3)— derivation d : R — R and left-generalized (., 5)—
derivation associated with («, 8)— derivation di : R — R. Let a be a noncen-
tral element of R and I a nonzero ideal of R. Then hA(I,a)s -+ = 0 if and only
if (hA(I), a)are,prr =0.

Proof. If (RA(I),a)aregrr = 0 or hA(I,a)sr = 0 then dlo(a) = 0 and
d1A7(a) = 0 by Lemma 3 and Lemma 4. Using these results we get, for all
rel

hA(z,a)0r = 0 < hA(zo(a) + 7(a)z) =0
< hA(z)aro(a) + BA(z)dAo(a) + didT(a)a(z) + BAT(a)hA(z) =0
< hA(z)aro(a) + BAT(a)hA(z) =
& (hA(2), @)y pg par = 0.
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That is (hA(D), @)are,gar = 0 if and only if AA(I,a)s,, = 0. O

Corollary 3. [5, Theorem 7] Let R be a prime ring of characteristic different
from two, d : R — R a nonzero derivation and a € R. Then (d(R),a) = 0 if
and only if d(R,a) =0

Theorem 3. Let d: R — R be a nonzero («, )— derivation and I a nonzero
ideal of R. If b € R such that d\(I,b)s+ = 0 then o(b) — 7(b) € Z.

Proof. If b € Z then we have o(b) — 7(b) € Z. Hence let b ¢ Z. Since d is
an (a, 3)— derivation then d is a right(and left)-generalized (a, 3)— derivation
associated with d.

If dX\(I,b)sr = 0 then (dA(I),b)ars,srr = 0 by Theorem2. Using this
relation, we get, for all z,y €

0= (d\@(y,b)0,r),b) aror JBAT
= (dA(@)aM(y, b)o.r + BM)AN(Y, b), -, b) g rr = ([AAZ)AA(Y, D)or, D) 10 50
= dA(@)[aA(y, b)o.r, aAa (D)] + (dA(2), ) o r g p2r OA (Y, b) 5 -
= dA(@)[aA(y, b)o.r, ada(D)]

which gives that dA(I)[aA(y,b)s,r, ado(b)] = 0,Vy € I. Since A(I) is a
nonzero ideal of R and d # 0 then using Lemmal we obtain that

[(y,0)0,7,0(b)] =0,Vy € I. (2.7)

Replacing y by 7(b)y in (2.7) we have, for all y € T

0 =[(T(0)y, b)o.r,o(b)] = [T(0)(y, b)o.r — [7(b), T(D)]y, o (b)]
= [7(0)(y, b)o,7, ()] = T(0)[(y; b)o,7, o (D)) + [7(b), 0 (b)](y, D). r
= [7(6), 0 (0)] (¥, b)o,r

That is [7(b), 0(b)](, D), = 0. Since b ¢ Z, then using Lemma?2 (ii) we get
[7(b),0(b)] =0 a
a(b)T(b) = 7(b)o(b). (2.8)

If we consider (2.7) and (2.8) we have, for all y € T

0=1[(y,b)e,7,0(b)] = yo(b)o(b) + 7(b)yo(b) — o(b)yo(b) — o (b)T(b)y
=yo(b)o(b) +7(b)yo(b) — o(b)yo(b) — 7(b)o(b)y
= [y, a(b)]o(b) + 7(0)[y, o(b)] = ([y, 0 ()], b) .7
That is

(ly,o(0)],b)6,r =0,Vy € I. (2.9)



64 On (o, 7)— Left Jordan Ideals and Generalized Derivations

Replacing y by yz, z € I in (2.9) we get, for all y,z € T

0= (ylz,0(0)] + [y, 0(b)]2,0)0.r = (y[2,0(D)], b)o,7 + ([y; 0(b)]2, D).
=y([2,0(0));0)0,r = [y, T ()2, 0 (D) + [y, o ()][2, 0 (B)] + ([y, o ()], b)o,7 2
—[y: 7(O)][z, o (0)] + [y, o (B)][2, 0 (0)] = [y, o (b) — 7(b)][2, 0 (D)]

which gives that
ly,o(b) — 7(b)][L,0(b)] =0,Vy € I. (2.10)

Replacing y by ry, 7 € R in (2.10) we have [R,o(b) — 7(b)|I[I,0(b)] = 0
Since b is noncentral then we obtain that o(b)—7(b) € Z(R) by the last relation.
U

Corollary 4. Let d : R — R be a nonzero («,3)— derivation and W a
nonzero left (o, 7)—Jordan ideal of R. If dy(W) = 0 then o(v) —7(v) € Z,Yv €
w.

Proof. If dy(W) = 0 then dy(R, v),» = 0, Vv € W. This gives that o(v)—7(v) €
Z,Nv € W by Theorem3. O

Theorem 4. Let W be a nonzero left (o, 7)—Jordan ideal of R. Let h: R —
R be a nonzero left-generalized («, 3)—derivation associated with a nonzero
(o, B)— derivation d; : R— R of R and b € R.

(i) If RA(W) =0 then o(v) — 7(v) € Z,Yv € W.

(ii) If W, b]a,,=0then b e Z or o(v) — 7(v) € Z,Vv € W.
(iii) If [b, W]x,, =0 then b € Cy ,(R) or o(v) — 7(v) € Z,Yv € W.

Proof. (i) If RA(W) = 0 then hA(R,v),r = 0,Vv € W. This means that, for
any v € W,
veEZordiA(v) =0
by Lemmad. Let K = {v e W |ve Z} and L = {ve W |diA7(v) =0}.
Then K and L are two additive subgroups of W such that W = K U L. Since

a group cannot be the union of proper subgroups, according to Brauer’s Trick
either W = K or W = L. That is

W C Z or dyAr(W) =0.

It is clear that, if W C Z then o(v) — 7(v) € Z,VYv € W. On the other hand,

if diAT(W) = 0 then we have o(v) — 7(v) € Z,VYv € W by Corollary4.
(ii) The mapping g(r) = [r,b]x ., Vr € R is a left-generalized derivation
associated with derivation da(r) = [r, u(b)],¥r € R. If g = 0 then d = 0 and

so b € Z is obtained.
Let dy # 0. If [W, 0], = 0 then g(W) = 0. Using (i) we have o(v) —7(v) €
Z,Yv € W. Finally, we obtain that b € Z or o(v) — 7(v) € Z,Vv € W.
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(iii) The mapping d3(r) = [b,7]x,., V7 € R is a (A, u)—derivation and so
left-generalized derivation associated with ds. If d3 = 0 then b € C) ,(R). Let
ds # 0.

If [b, W], = 0 then d3(W) = 0. This means that o(v) —7(v) € Z,Yv € W
by Corollary4. Finally, we obtain that b € C ,(R) or o(v) —7(v) € Z,Yv € W
for any cases. U

Theorem 5. Let W be a nonzero left (o, 7)—Jordan ideal of R and b € R.

(1) If (b,W)x,=0then be Cy ,(R)or o(v) —7(v) € Z,Yv € W.
(ii) If (W,b)x,, =0thenbe Z or o(v) — 7(v) € Z,Yv € W.

Proof. (i) The mapping h(r) = (b,7)x 4, Vr € R is a left-generalized (A, u)—
derivation associated with (A, u)— derivation d(r) = [b,r], ,,Vr € R. lf h =0
then d = 0 and so b € C ,(R) is obtained. Let d # 0. If (b, W), = 0 then we
have h(W) = 0. Using Theorem4 (i) we obtain that o(v) — 7(v) € Z,Vv € W.
Finally we obtain that b € Cy , or o(v) — 7(v) € Z,Yv € W for any cases.

(ii) Similarly, the mapping g(r) = (r,b)x,, Vr € R is a left-generalized
derivation associated with derivation dy(r) = — [r, u(b)],Vr € R. If g = 0 then
di =0 and so b € Z is obtained. Let dy # 0. If (W,b),, = 0 then g(W) = 0.
This gives that o(v) — 7(v) € Z,Vv € W by Theorem4 (i). Finally, we obtain
that b € Z or o(v) — 7(v) € Z,Yv € W for any cases. O

Lemma 5. Let h: R — R be a nonzero right-generalized (o, §)—derivation
associated with a nonzero (a, 3)—derivation d : R — R. If a,b € R such that
alh(R),b]x . = 0 then ala, u(b)] = 0 or da=tA(b).

Proof. If a[h(R), b]x , = O then we get, for all r € R
0 = a[h(ra"A(b)), b]x,. = a[h(r)A(D) + B(r)da~"A(b), ] .
= ah(r)[A(D), A(B)] + alh(r), b]x L A(D) + aB(r)[da™ " A(b), b]x .
+a[B(r), p(b)da A(b)
= af(r)[da*A(b), b]x,. + a[B(r), p(b)]daA(b).
That is
aB(r)[k, b]a,u + a[B(r), u(b)]k = 0,Vr € R. (2.11)
where k = da=*\(b). Replacing 7 by 37*(a)r in (2.11) and using (2.11) we
have, for all r € R

0 = aafB(r)[k, blx,u + alaB(r), p(b)]k
= aaB(r)[k; b]x .+ aalB(r), u(b)]k + ala, u(b)]5(r)k
= ala, p(b)]5(r)k

which gives a[a, u(b)]Rk = 0. Using that primeness of R we get afa, (b)) =0
or da—\(b) = 0. O
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Lemma 6. Let h : R — R be a nonzero left-generalized (o, B)—derivation
associated with a nonzero (o, §)—derivation dy : R — R. If a,b € R such that
[h(R),b]xua =0 then di137 (b)) = 0 or [a, A(b)]a = 0.

Proof. If [h(R), b]»,ua = 0 then we get, for all r € R

0= [A(B7 u(b)r), blxua = [ p(b)a(r) + p(b)h(r), bl ua
= i () [a(r), AD))a + [dif~ u(b), bl uar(r)a

+ p()[1(r), blx pa + [p(b), u(b)]A(r)a

= d1 8 p(d)[a(r), A(b)]a + [di8~ u(b), b] uv(r)a

which gives that
Ela(r), A(b)]a+ [k, b]a,ua(r)a = 0,Yr € R (2.12)

where k = d137 u(b). Replacing r by ra=!(a) in (2.12) and using (2.12)
we have, for all r € R

0= k[oz(r) ,A(D)]a + [k, b]a po(r)aa
7“)[ )\(b)]a+k[ (r), A(b)]aa + [k, b]x na(r)aa

That is kR[a, A(b)]a = 0. Since R is a prime ring, then the last relation
gives that di1 371 u(b) =0 or [a, A\(b)]a = 0. O

Theorem 6. Let W be a nonzero left (o, 7)—Jordan ideal of R and a,b € R.

(1) If a[W,b]x,, = O then afa, u(b)] =0 or o(v) — 7(v) € Z,Yv € W.
(ii) If [W, b]a,ua = 0 then [a, A(b)la =0 or o(v) — 7(v) € Z,Yv € W.

Proof. Let us consider a nonzero element v of W. The mapping defined by
h(r) = (r,v)0,, ¥r € R is a left-generalized derivation associated with deriva-
tion dy (r) = —[r, 7(v)], ¥r € R and right-generalized derivation associated with
derivation d(r) = [r,o(v)],Vr € R. If h =0 then d =0 =d; and so v € Z is
obtained. Let d # 0 and dy # 0.

(1) If a[W, b]a,,, = 0 then we have a[(R, v)s.7,]x,, = 0 and so a[h(R), ], =
0. Since h is a right-generalized derivation associated with d, then using Lemma
5 we get dA(b) = 0 or ala, u(b)] = 0. That is

[A(b),o(v)] =0 or ala, u(b)] = 0.

On the other hand, if v = 0 then [A(b), o(v)] = 0. Hence, considering the
same argument for all v € W we have

[0~ A\(b), W] = 0 or a[a, u(b)] = 0.
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If [7IA(b), W] =0 then b € Z or o(v)—7(v) € Z,Vv € W by Theoremd4(iii).
Finally we obtained that afa, p(b)] = 0 or o(v) — 7(v) € Z,Yv € W for any
cases.

(ii) If [W, b]a,ua = 0 then we have [(R, v)s,7, b]x, na = 0 and so [R(R), b]x ua =
0. Since h is a left-generalized derivation associated with d; then, using Lemma
6, we get dyu(b) =0 or [a, A(b)]a = 0. That is [u(b), 7(v)] = 0 or [a, A(b)]a = 0.
Considering as in the proof of (i) we get

(7~ u(b), W] = 0 or [a, A(b)]a = 0.

If [r=1u(b), W] = 0 then we have b € Z or o(v) — 7(v) € Z,Yv € W by
Theorem4(iii). If b € Z then [a, A(b)]a = 0.

Finally, we obtained that [a, A(b)]a = 0 or o(v) — 7(v) € Z,Yv € W for any
cases. t

Lemma 7. Let h: R — R be a nonzero right-generalized (o, 5)—derivation
associated with a nonzero («, 3)—derivation d : R — R and a,b € R. If
a(h(R),b)x,, =0 then da=*X(b) = 0 or ala, u(b)] = 0.

Proof. If a(h(R),b)x , = 0 then we get, for all r € R

0= a(h(ra*A(b)),b)x. = a(h(r)A(b) + B(r)da"*A(b), b) 4
= ah(r)[\(b), A\(b)] + a(h(r),b)x LA(b) + aB(r)(da™ * A(b),b) .,
— a[B(r), p(b)]da~"A(b)
which gives that

aB(r)(k, b, — a[B(r), p(b)]k = 0,¥r € R. (2.13)

where k = da~'A(b). Replacing » by S~ 1(a)r in (2.13) we have, for all
rc R

That is ala, u(b)]Rda=tA(b) = 0. Since R is a prime ring, we obtain that
da=t\(b) = 0 or ala, u(b)] = 0. O

Lemma 8. Let h : R — R be a nonzero left-generalized (o, B)—derivation
associated with a nonzero («, 3)—derivation dy : R — R and a,b € R. If
(R(R),b)x,ua =0 then d1 3~ p(b) = 0 or [a, A\(b)]a = 0.
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Proof. If ( (R),b),ua = 0 then we get, for all r € R

= (h(B7 u(®)r), b)aua = (dif™ p(b)a(r) + p(b)h(r), b)x,ua
=d15 Lu®)[alr), A(b)]a+ (dif™ u(b), b)a,ualr)a
+ (b)(h(7), b)x pa = [p(b), u(b)]1(r)a
= d1 8 p(d)[a(r), A\(b)]a + (di B~ (b)), b) A wer(r)a
which gives that
Ela(r), A(b)]a+ (k,b)r pa(r)a = 0,Vr € R. (2.14)

where k = d; 8~ u(b). If we take ra~!(a) instead of 7 in (2.14), we get, for
allr € R

0 = Ela(r)a, A(b)]a+ (k,b)x,pa(r)aa
= ka(r)[a, A\(D)]a + k[a(r), A(b)]aa + (k, b) s na(r)aa
= ka(r)|a, A(b)]a.
That is kR[a, A\(b)]a = 0. This gives that d;8~u(b) = 0 or [a, A(b)]a = 0 in

prime rings. t
Theorem 7. Let W be a nonzero left (o, 7)—Jordan ideal of R and a,b € R.

(1) If a(W,b)x ., = 0 then afa, u(b)] =0 or o(v) — 7(v) € Z,Yv € V.
(ii) If (W, b)a,ua = 0 then [a, A(b)]Ja=0or o(v) — 7(v) € Z,Yv € V.

Proof. Let us consider a nonzero element v of W. The mapping defined by
h(r) = (r,v)0,, Vr € R is a left-generalized derivation associated with deriva-
tion dy (r) = —[r, 7(v)], ¥r € R and right-generalized derivation associated with
derivation d(r) = [r,o(v)],Vr € R. If h =0 then d =0 =d; and so v € Z is
obtained. Let d # 0 and dy # 0.
(1) If a(W, b)x,, = 0 then we have a((R, v)s.7,b)x,, = 0. That is a(h(R), b)x,, =

0. Since h is a right-generalized derivation with d then using Lemma 7 we obtain
that dA(b) = 0 or afa, p(b)] = 0. That is

[A(b),o(v)] =0 or ala, u(b)] = 0.

On the other hand, if v = 0 then [A(b), o(v)] = 0. Hence, considering the
same argument for all v € W we have

[b, W] =0 or ala, u(b)] = 0.

If [b, W] = 0 then we have b € Z or o(v) — 7(v) € Z,Yv € W by Theorem4
(iii). If b € Z then afa, u(b)] = 0.

Finally, we obtained that a[a, u(b)] = 0 or o(v) — 7(v) € Z,Vv € V for any
cases.

(i) If (W,b)a,ua = 0 then (h(R),b)x ua is obtained. Since h is a left-
generalized derivation associated with d; then using Lemma 8 and considering
as in the proof of (i) we get [a, A(b)]Ja =0 or o(v) — 7(v) € Z,Vv € V. O
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